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Abstract 
The main purpose of this paper is to introduce two kinds of generalized Eulerian polynomi- 
als and numbers which are associated with the constructions of certain summation formulas for 
extended arithmetic-geometric series. Also we present some basic formulas related to certain gen- 
eralized Eulerian numbers, Carlitz-Howard's degenerated Stirling numbers and Dickson-Stirling 
numbers. (~) 1999 Elsevier Science B.V. All rights reserved 
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1. Introduction 
Recall that the historical origin of the classical Eulerian polynomial Ap(x) is the 
following summation formula for: 
ec Ap(x) 
ZkPxk--(1--x)P +l ( Ix l<l) '  (1) 
k=l 
where Ap(x) is the Eulerian polynomial in x of degree p, and p is a positive integer 
(cf. [3,5, p. 245, 8]). 
In what follows, we will consider certain summation problems for some extended 
arithmetic-geometric series, whose solutions naturally need to introduce certain gener- 
alized Eulerian polynomials and numbers. 
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For any real or complex number 0 we denote 
p--I 
(t[O)p= 1-I (t--jO) (p>~l) 
j=0 
with (t[O)o= 1, and call it the generalized falling factorial with increment O. In 
particular, we write (t[1)p = (t)p and ( t lO)p --  tp. 
It is known the Dickson polynomial in t of degree p with real parameter ~is defined 
by 
[p/2] 
Dp(t,~)= ZpP~_i (P - i )  i ( -°oitp-2i  (2) 
i=0 
with Do(t, ~) = 2 (cf. [16]). Evidently Dp(t, O) = t p. 
In this paper we consider the following summation problems. 
Find closed summation formulas for the series 
S~(n) = ~ (k + AlO)~x k, s,(~) = ~(k  + ~lO)~x ~, (3) 
k=O k =0 
n+~ c~ 
S2(n)  = ~-~Op(k, ~z)x k, S2(cx~) --- ~~Op(k, ~)x k, (4 / 
k=~ k=~ 
where ~ is any given integer, 2 and 0 are real or complex numbers and [x I < 1 for both 
Sl(c~) and $2(oo). 
Evidently, these series will reduce to ~=okPx * and ~0 kPx~ (cf. [2,6, 11]) when 
OO 2 = 0 = ~ = 0. Worth noticing is the particular series ~k=l kP/2k that has an interest- 
ing combinatorial pplication found by Velleman and Call [20] (of. also [14]). Also 
the particular series ~-~ kx k has an interesting application in the discrete logarithm 
problem (see [17]). For the case 2=0,  the series Sl(n) has already been given an 
explicit summation formula by Hsu [11] using Carlitz's degenerated Stifling numbers 
(of. [1,4]). Note that various series summation problems treated in the old book of 
Schwatt [18] are also particular cases involved in that of (3). 
What we will show later is that there exist summation formulas of the forms 
Ap(X,,qo) 
S1 ((x~) = (1 - x)P +l' (5) 
$2(oo) =x (~x~l ,  (6) 
where Ap(x, 2[0) and Ap(x, o 0 are polynomials in x of degree p having the following 
property: 
Ap(x,O[O)=Ap(X), Ap(x,O)=Ap(X). (7 )  
Naturally, these polynomials contained in (5) and (6) may be called generalized 
Eulerian polynomials. The structural forms and basic properties of these polynomials 
will be exhibited in the next three sections. However, the basic tool we are utilizing 
is nothing but elementary combinational nalysis. 
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2. Summation Formulas of Sl(n) and S l (~)  
Recall that Howard's degenerate weighted Stifling numbers S(p,j,2IO) (O<~j<~p) 
may be defined either by the generating function (cf. [4,9]) 
o<) 
(1 + Ot) ~/° ((1 + Or) 1/° - 1 )J =j! Z S(p,j, 210)~. (8) 
p=j 1-'. 
or by the basis-transformation relation 
p 
(t + 210) p = ~ S(p,j,210)(t)j. (9) 
j=0 
In fact, the equivalence between (8) and (9) may be verified by means of the recurrence 
relations 
S(p + 1,j, AlO):S(p, j - 1,210 ) + ( j  - pO + 2)S(p,j,210 ) (10) 
for p ~>j/> 1 with S(0, 0, 210) = S(p, p, 210) : 1 and S(p, O, 210 ) = (210)p. 
Note that Carlitz's degenerate Stirling numbers S(p, jlO ) and the classical Stirling 
numbers S(p,j) of the second kind are special cases with 2 = 0, and with 2 = 0, 0 ---, 0, 
respectively. 
A simple summation rule formulated previously may be now modified to the 
following form (cf. Lemma 1 of [10]): 
Lemma A. Let F(n,k) be a function defined for integers n,k >>.O. I f  there can be 
found a formula such as 
~F(n ,k ) (k )  =~k(n,j) (j>~0) (11) 
k , J /  k=0 
then for every inteoer p>>.O, there holds a formula of the form 
n p 
~--]~F(n,k)(k + 210) p = ~b(n, j) j !S(p, j ,  2[0), (12) 
k-0 j=0 
The proof is immediate: Start with (9), with t replaced by k. Multiply both sides 
by F(n,k), and then sum both sides from k=0 to n. Finally, switch the order of 
summation on the RHS to complete the proof. [] 
Moreover, Lemma 2 of [11] may be restated as follows. 
Lemma B. Let c~(x,n,j) be defined by 
•(x,n,j)= y'~x k J (j>~O). (13) 
k=O 
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Then (a(x,n,j) satisfies the recurrence relations 
x49(x,n, j -1)+(x-1)dp(x,n, j )=xn+l ( n+ l (14) 
for j >>- 1, with c~(x, n, O) = (x n+l - 1 )/(x - 1 ). Consequently, the following expression 
may be obtained by repeated applications of (14): 
1 f( x £(;+ 1) (x ) ]  
c~(x,n,j)= ~-x  ~ r=0 - r ~ . (15) 
It is now ready to establish the following propositions. 
Proposition 1. For x ¢ 1 we have the summation formula 
(k + 2[O)px ~ = ~-~j!S(p,j, 2lO)c~(x,n,j), (16) 
k-o j-o 
where (a(x,n,j) is given by (15). 
Proof. This is a consequence of Lemmas A and B by taking F(n ,k)=x ~ and using 
(12), (13) and (15). [] 
Proposition 2. For Ixl < 1 we have the summation formula 
0(3 
Z (k + 2[O)px k = + j!S(p,j, 210)x j (17) 
z_~ ( l -x) /+~ " 
k-0 j=0 
Proof. Here a direct formal series proof may be given as follows: 
LHS of (17)= ~-~S(p,j,2lO)(k)/x k 
k=0 j 0 
= Z j!S(p,j,  ),10) J 
j=0 k=0 
P 
= Z j!S(p,j,  2[O)xJ(1 - x) - j - l .  [] 
j-o 
Certainly, (1 6) and (1 7) could be specialized to yield various particular formulas for 
series sums. 
Remark. Using the forward difference operator A defined by A f (x )= f (x+ 1 ) - f (x )  
and A / =AA j-~ (j>~2), and applying the Newton interpolation formula to the LHS 
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of (9) we see that the numbers j!S(p,j,2[O) contained in the RHS of (12) may be 
written in the form 
j!S(p,j,2[O)=AJ(t+210)pl,=o  Z ( -1 ) J - r  (r+210)p. (18) 
r=0 
Note that this formula, as may also be derived from the generating function (8), was 
also given in Howard [9]. 
Now, comparing (5) with (17) we may introduce the first kind of generalized 
Eulerian polynomials as follows: 
P 
Ap(x,)~lO ) := ~j!S(p,j, ~lO)xJ(1 -- X) p- j .  (19)  
j-o 
Of course, this is a polynomial in x of degree p, and may be expressed in the form 
P 
Ap(x, )~10) = ~ A(p,j, 210)x j. (20) 
j-O 
Here Ap(x,210 ) and A(p,j,210 ) (O<~j<<,p) may be called, respectively, the (210)- 
type Eulerian polynomial and (210)-type Eulerian numbers. In particular, for 2 = 0 = 0 
we get the classical Eulerian polynomial Ap(X) and the Eulerian numbers A(p,j, 010 ) = 
A(p,j), respectively. Note that the classical Eulerian numbers can also be used to 
evaluate the sums of convolution powers (of. [7]). 
Some explicit relations and formulas for the generalized Eulerian numbers will be 
presented in Section 4. 
3. Summation formulas of S2(n) and S2(cx~) 
We shall make use of a kind of generalized Stirling numbers, called Dickson-Stirling 
numbers, which may be defined by the relations (cf. [12]) 
P 
Dp(t, 7)= ~-~S(p,j,~)(t- o~)j (p= 1,2 .... ). 
j -0  
Of course, these relations may be rewritten as follows: 
P 
Dp(t+ct,~)=~--~S(p,j,~)(t)j (p- -  1,2 .... ). (21) 
j -0  
Now, making use of (21) instead of (9) with t = k we see that (12) of Lemma A may 
be replaced by the formula 
F(n,k ) Dp(k + c~, ~) = ~ ~9(n,j ) !S(p,j, ot). (22) 
k=0 j=0 
Thus, taking F =x  k and applying Lemma B to the above equation, we are led to the 
following. 
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Proposition 3. For any 9iven integer ~ we have the summation formula 
n p 
~Dp(k + ~, ~)x k = ~ j!S(p,j, ~)c~(x, n j), (23) 
k=0 j=0 
where the Dickson-Stirlin 9 numbers S(p,j;~) are defined by (21), and dp(x,n,j) is 
given by (15). 
Similarly, using the same procedure as that of proving (17), we can get a closed 
summation formula for $2(c~), namely, we have: 
Proposition 4. For Ix] < 1 and any 9iven inteoer ~ we have the formula 
O0 
Z ap(k, OOx k= x ~ + J!S(p'J'°OxJ 
k=~ ~ (1 -x ) J  +l ' (24) 
where the Diekson-Stirling numbers have the finite difference xpression 
S(p,j,~)= 1AJDp(t, ct) . (25) 
J' It=~ 
Consequently, comparing (6) with (24) we can introduce the second kind of gener- 
alized Eulerian polynomials via the equation 
p 
Ap(x, ~) :-- ~ j!S(p,j, O~)xJ(1 -- X) p- j .  (26) 
j=0 
Also, this may be rewritten in the form 
p 
Ap(x, o~) = ~ A(p,j ,  ~)x j. (27)  
j-o 
Here Ap(x, ~) and A(p,j, ~) (0 <~j <~ p) may be called Dickson-Eulerian polynomial 
and Dickson-Eulerian numbers, respectively. 
4. Some basic relations and formulas 
For any given power series f (x)  we use [xJ]f(x) to denote the coefficient of xJ in 
f(x). Then from (19) and (20) we see that 
p 
A(p,j, 2[0) = [x j] Z i!S(p, i, 2]0)xi(1 - x) p-i 
i=0 
p p--i 
i=0 r=0 
p ( ) = Z i!S(p,i, 2[O) p - i 
i=0 j - i ( -  1 )j-i. 
L. C. Hsu, P.J. -S. Shiue l Discrete Mathematics 204 (1999)237-247 243 
Thus, we get the formula 
A(p,j,2[O)=- Z i ! ( -1 ) J - i  p -  i 
i=0 P- J  S(p,i,2[O). (28) 
This shows that the (2]0)-type Eulerian number can be expressed as a linear combina- 
tion of Howard's generalized Stirling numbers. 
Similarly, we can deduce the formula (via (26) and (27)) 
A(p,j,~)= Z i ! ( -1 ) J - i  p - i  
i=0 P - j S(p,i, ot) (29) 
which shows that the Dickson-Eulerian umber has a linear expression in terms of 
Dickson-Stirling numbers. 
Here we may state a pair of generalized Worpitzky formulas within the following. 
Proposition 5. For p >>. 1 we have the formulae for the sums of generalized Eulerian 
numbers 
p p 
Z A(p,j, 210 ) = Z A(p,j, ct) = p!. 
j=o .i=o 
(30) 
Proof. Notice that for both Howard's degenerate weighted Stirling numbers and 
Dickson-Stirling numbers we have S(p,p,2lO)=l, =S(p,p,~). Thus, it is clear 
that (30) follows easily from (19), (20), (26), (27) by substituting x= 1 into all 
formulas. [] 
Evidently, the classical Worpitzky formula ~P=oA(p,j)= p! is a particular case of 
(30) with 2 = 0---~ = 0. A continuous analogue of this formula has been established 
recently by Lesieur and Nicolas [15]. 
Moreover, it may be noted that an entirely general treatment of Eulerian-type num- 
bers associated with sequences of polynomials has been given recently by Koutras [13]. 
Accordingly we may look for a second pair of generalized Worpitzky formulas, which 
may be stated in the following (cf. [13,21]). 
Proposition 6. For p>~ 1 we have the following pair of formulas: 
(x +,Zl0):, = Z A(p,j, 210) x + p - j  , 
j=0 P 
Dp(x+ct, ct)= ZA(p , j ,  ct) x+ p - j  . 
j=0 P 
(31) 
(32) 
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Proof. From (3), (5) and (20) we have 
cx~ p 
Z (k + 2[O)px k= (1 - x) - p-' Z A(p,j,2[O)xJ 
k-0  j=0  
r=0 j=0 
Thus by identifying the coefficient of x k we find 
(k+ 2,0)p = [x'] Z (P+r~A(p'J'2'O)xr+J 
r,j>~O \
=Z p+k- j  A(p,j, 2[O). 
j=0 P 
Observe that this is a polynomial identity in k of degree p. Certainly we may replace 
k by any real or complex variable x. Thus identity (31) is proved. Obviously formula 
(32) can be proved in exactly the same way. [] 
Clearly, the classical formula (cf. [21]) 
( ) ~-"A~p,j~ x+ p - j  X p 
i=0 P 
is implied by (31) and (32) with 2 = 0= ~ = 0. Also, worth noticing is that (32) gives 
a new expression for the Dickson polynomial in terms of Newton polynomials with 
generalized Eulerian numbers as coefficients. 
Proposition 7. For p >>. 1 and 1 <~j <<. p we have an inverse xpression of (31 ), namely 
J 
A(p'J')~tO)= Z (-1)r ( p + I ) (j - r + 
r=0 
Proof. Starting with (28) and using (18) we have 
p i 
A(p,j, 2[O)=Z(-1)J - i (P+_~.)Z(-1) i -r(~)(r+2[O) p 
i=0 r=O 
(p ;/(:/1 =i~=O £i=r -- (--1)J r(r+2lO)P 
(33) 
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=~-~(  p+l  )(_l)J_r(r+2[O) p 
i=0 p- j+r+l  
~--'~ (-- 1 )J--r (jP.. +1 = (r + 210)p. _?,  
r=0 
This proves (31). 
Evidently, the classical formula for Eulerian numbers (cf. [5, Section 6.5]) 
J 
A(p'J)= Z( -1)r (P+ I) 
r=0 
is a particular case of (31) with 2 = 0 = 0. 
Note added. We have also found that there is an explicit summation formula of Sl(n) 
(with x # 1 ) which can be expressed in terms of the generalized Eulerian polynomials, 
namely 
S1(n)=x_l  1 n+'Zr=0 -(-(--~ tn + l + AlO)p-r -O C x)P ] " 
The particular case 2 = 0 = 0 gives 
~kPxk 1 I P (P )~ (1-x)p)Ap(x) -- Xn+l Z (n+l)P -r 
x- -1  k=0 r=O 
This completely determines the explicit structure of the required summation formula 
in terms of powers of (n + 1) which was first proposed to investigate by deBruyn [2], 
originally using determinants. However we will leave this topic of some interest o be 
discussed elsewhere. 
Surely, there is much to be done with regard to these generalized Eulerian polyno- 
mials and Eulerian numbers introduced in this paper. 
5. A remark on the summation rule 
The simple summation rule stated by Lemma A can still be used to find various 
special sums. As a matter of fact, all the summation examples displayed in Section 4 
of [11] may be generalized by using Howard's degenerate weighted Stirling numbers 
instead of Carlitz's degenerate Stirling numbers. For instance, taking F(n, k) to be the 
following forms, respectively: 
1 (2;) 
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and making use of Lemma A, one can obtain the following sums with p/> 1 (cf. [11]): 
(k + RlO)p= j + l j!S(p,j,2[O), 
= j=l 
(k + 210)p = Z 2"-~i!S(p,j,,~10), 
k=l j=l 
(k + 210)p = Z 2n~ j (n)jS(p,j,210), 
k=l j=l 
n (k+2lO)p = Z2n_2 j_  1 n - j  n 2k j -~-)- j j!S(p'j'210)" 
k=l j=t 
(34) 
(35) 
(36) 
(37) 
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